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Abstract
Consider the space of functions that are integrable with respect to a vector measure. In this paper
we deal with such spaces defined using a particular class of measures that we call sequential vector
measures. We prove that these spaces always define complemented subspaces of their ultrapowers.
We use this result to characterize increase properties of certain families of functions by mean of the
related projection.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Consider a countably additive vector measure λ with values in a (real) Banach space Z.
Lewis constructed an integration theory for scalar functions with respect to λ (see [8,9]).
The set of all these functions defines a Banach space. Actually, the spaces of integrable
functions with respect to a vector measure define a broad class of Banach lattices. After
the results of Curbera we know that the class of such spaces coincides with the class of
the order continuous Köthe (Banach) function spaces with weak unit (see [1, Theorem 8]
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J.A. López Molina, E.A. Sánchez Pérez / J. Math. Anal. Appl. 290 (2004) 542–552 543and [3]). However, in this paper we consider a particular class of vector measures—that we
call sequential vector measures—and the corresponding space of integrable functions. Our
motivation is that sequential vector measures lead to good characterizations of the increase
and local boundedness properties of sets of functions of the respective spaces.
Our procedure is closely related to the ultraproduct construction. This technique—
which comes from model theory—has been largely applied in different contexts of the local
theory of Banach spaces and the operator theory (see, for instance, [6,11,12,18]). Nowa-
days, after the results of Raynaud, we know both that the ultrapower of a Köthe function
space is again a Köthe function space and the relationship between the structure of the
ultrapower and the original space (see [16,17]). In this paper we show how we can apply
the integration with respect to a vector measure and the ultraproduct of Banach spaces to
characterize properties of sets of real functions.
Let Z be a Banach space and let λ be a countably additive vector measure on Z. If
z′ ∈ Z′, the formula 〈λ, z′〉(A) := 〈λ(A), z′〉, A ∈ Σ , defines a scalar measure. We write
|〈λ, z′〉| for its variation. The space L1(λ) of integrable functions with respect to λ is
the Köthe function space of the functions f that are 〈λ, z′〉-integrable for each z′ ∈ Z′
and satisfy that for each A ∈Σ there is an element ∫
A
f dλ ∈ z such that 〈∫
A
f dλ, z′〉 =∫
A
f d〈λ, z′〉. A norm for this space can be defined as
|‖f ‖|L1(λ) = sup
z′∈BZ′
∫
Ω
|f |d∣∣〈λ, z′〉∣∣, f ∈ L1(λ).
The following formula provides an equivalent norm:
‖f ‖L1(λ) = sup
A∈Σ
∥∥∥∥∥
∫
A
f dλ
∥∥∥∥∥, f ∈ L1(λ).
Our basic references about the structure of the spaces of integrable functions with re-
spect to a vector measure are the papers of Lewis [8,9], Curbera [1–3], Okada and Ricker
[13–15].
We use standard notation. We denote by N and R the sets of the natural numbers and the
real numbers, respectively. The order relation for sequences is defined as usual; (xi) < (yi)
if and only if xi  yi for every i ∈ N.
The reader is referred to the book of Diestel and Uhl [4], and Kluvánek and Knowles
[7] for all the definitions and results about vector measures, and is referred to the book of
Halmos [5] for general measure theory. Definitions and basic results on ultraproducts can
be found in [6] and [18]. For the particular case of ultrapowers of Köthe function spaces
we propose the papers of Raynaud [16,17].
Our basic reference for the properties of the Banach lattices and the Köthe function
spaces is the book of Lindenstrauss and Tzafriri [10]. If (L,‖·‖L) is a Köthe function space
over the measure space (Ω,Σ,µ) we will use the symbol < for the usual µ-a.e. order
relation defined on it. Recall that, if f1, f2 ∈ L and |f1|< |f2| we have that ‖f1‖ ‖f2‖.
Let L∗ be the dual space of L. The duality between these spaces can be represented by
mean of the integral defined by µ, i.e., if f ∈ L and g ∈L∗,
〈f,g〉 =
∫
fg dµΩ
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space L), the elements of the dual that can be represented by an integral define the so-
called Köthe dual of L (see also [10]).
2. Ultrapowers of spaces of integrable functions with respect to a sequential
vector measure
Let Z be a Banach space and consider a σ -finite measure space (Ω,Σ,µ) with a par-
tition {Ai}∞i=1 of measurable sets such that the restriction of µ to each Ai is a probability
measure.
Definition 1. Consider an unconditionally convergent sequence {zi}∞i=1 ⊂Z. Then
λ(A) :=
∞∑
i=1
µ(Ai ∩A)zi = lim
n
n∑
i=1
µ(Ai ∩A)zi
is well defined for each A ∈ Σ . It is easy to prove that the expression above defines a
vector measure which is absolutely continuous with respect to µ. We call such a (countably
additive) vector measure a sequential vector measure of the class Λ({zi}∞i=1). In the case
that λ is defined by mean of a sequence {riei}∞i=1—where ri ∈R for every i ∈ N and {ei}∞i=1
is a (fixed) unconditional basis for Z—we simply write λ ∈Λ(Z).
In the rest of the paper, if λ is a sequential vector measure we will assume that µ,
{Ai}∞i=1 and {zi}∞i=1 are the elements that appear in the definition above.
Let I be and index set and U an ultrafilter defined on it. Next theorem shows that the
space L1(λ)—where λ is a sequential vector measure—is isometric and order isomorphic
to a subspace of the ultrapower (L1(λ))U .
Theorem 2. Let Z be a weakly sequentially complete Banach space. Let {zi}∞i=1 ⊂ Z be
an unconditional sequence and let λ ∈Λ({zi}∞i=1) be a sequential vector measure. If I is
an index set and U is an ultrafilter defined on it, then L1(λ) is a complemented subspace
of the ultrapower (L1(λ))U . Moreover, the projection P : (L1(λ))U → L1(λ) is a positive
operator.
Proof. We can define the canonical isometry
i :L1(λ)→
(
L1(λ)
)
U
as i(f ) = (f )U . Thus we just need to prove that the image i(L1(λ)) defines a comple-
mented subspace. Consider an element (fτ )U ∈ (L1(λ))U and suppose that ‖(fτ )U‖ = 1.
Then we can find a representation—that we denote by (fτ )U—such that ‖fτ ‖ = 1 for
every τ ∈ I . Now, fix n ∈ N and consider the probability measures µi(A) = µ(A ∩ Ai),
A ∈ Σ , i ∈ {1, . . . , n}. Then we can find the Radon–Nikodym derivative gi of the finite
µi -continuous scalar measure µi,(fτ )(A)= limU
∫
A
fτ dµi , which satisfies
µi,(fτ )(A)=
∫
gi dµi, A ∈Σ.
A
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Then for each A ∈Σ and τ ∈ I ,∥∥∥∥∥
∫
A∩Bn
fτ dλ−
∫
A∩Bn
fn dλ
∥∥∥∥∥ maxi=1,...,n‖zi‖
{
n∑
i=1
∣∣∣∣∣
∫
A∩Ai
fτ dµ−
∫
A∩Ai
fn dµ
∣∣∣∣∣
}
.
It is clear that fn ∈ L1(λ) for every n. Take  > 0 and fix A ∈Σ . Then, as a consequence
of the definition of the functions gi , for each i ∈ {1, . . . , n} the set
Ui, =
{
τ ∈ I :
∣∣∣∣∣
∫
A∩Ai
fτ dµ−
∫
A∩Ai
fn dµ
∣∣∣∣∣< n
}
belongs to U . Thus, the set Un :=
⋂n
i=1 Ui, ∈ U and for every τ ∈ Un ,∥∥∥∥∥
∫
A∩Bn
fτ dλ−
∫
A∩Bn
fn dλ
∥∥∥∥∥ max{i=1,...,n} ‖zi‖.
This means that limU
∫
A∩Bn fτ dλ =
∫
A∩Bn fn dλ for every A ∈ Σ . The Köthe func-
tion space structure of L1(λ) makes clear that ‖fn‖L1(λ)  1 for each n. Moreover, we
can write the decomposition of fn in its positive and negative parts fn = f+n − f−n , and
max{‖f+n ‖L1(λ),‖f−n ‖L1(λ)} 1. Then {f+n }∞n=1 is a weak Cauchy sequence since it is in-
creasing and norm bounded. But L1(λ) is weakly sequentially complete—since X is (see
[3])—and then there is a weak limit f+ for this sequence, and then f+ is also the norm
limit of {f+n }∞n=1 (see [10, pp. 3–4]). The same argument can be applied to find a limit f−
for the sequence {f−n }∞n=1. If we define f = f+ − f−, we obtain
lim
n
∥∥f+n − f−n − f+ − f−∥∥L1(λ) = 0,
and ‖f ‖L1(λ)  1. Thus it is clear that the map P defined by P((fτ )U ) := f using the
construction above gives the desired projection.
Finally, let us show that P is positive if we consider the natural order (<) given by the
structure of the Banach lattice ultrapower of the space L1(λ) (see [6]). Consider (fτ )U ∈
(L1(λ))U , (fτ )U > 0. Then we can suppose that fτ > 0 for each τ ∈ I . It is clear that for
each i ∈ N the formula νi(A)= limU
∫
Ai∩A fτ dµ defines a (finite) positive measure. Thus,
we can assure that P((fτ )U ) > 0 by the construction of P . ✷
In the rest of this section we define the increase properties of the ordered sets of func-
tions that can be studied by mean of the ultrapowers of the spaces L1(λ) for a sequential
vector measure λ. In fact, the definition of sequential vector measure is motivated by these
properties. The notation Bn :=⋃ni=1Ai introduced in the proof of Theorem 2—where Ai
are the measurable sets of the definition of the vector measure λ—will be used in the rest
of the paper.
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increase of a bounded family of functions B = {fτ : τ ∈ I } ⊂ L1(λ) as the sequence φB =
{φ(i)}∞i=1, where
φ(i) := lim
U
∫
Ai
|fτ |dµ.
The (λ,U)-increase of a bounded family of functions is well defined, since for every
i ∈N and each τ ∈ I ,∫
Ai
|fτ |dµ 2 sup
A∈Σ
∥∥∥∥∥
∫
A∩Ai
fτ dλ
∥∥∥∥∥ 1‖zi‖  2 supA∈Σ
∥∥∥∥∥
∫
A
fτ dλ
∥∥∥∥∥ 1‖zi‖ 
2K
‖zi‖ ,
where K is a bound for B. Then the limit with respect to the ultraproduct exists, since
the family {∫Ai |fτ |dµ: τ ∈ I } is contained in the compact interval [0,2K/‖zi‖] for each
i ∈N (see [6]), and then
lim
U
∫
Ai
|fτ |dµ 2K‖zi‖ .
We can also define the (λ,U)-increase of a function f ∈ L1(λ) as the (λ,U)-increase
of B = {fτ : fτ = f, ∀τ ∈ I }. It is obvious that in this case φ(i)=
∫
Ai
|f |dµ. We denote
it by φf .
The following lemma is essentially known (see [18]). We include the proof for the aim
of completeness.
Lemma 4. If (fτ )U ∈ (L1(λ))U and i ∈ N, consider the ( finite) measure νi defined by
νi(A) := limU
∫
A∩Ai fτ dµ. Then its variation |νi |(A) is given by
|νi |(A)=
∫
Ai∩A
|gi |dµ= limU
∫
A∩Ai
|fτ |dµ, A ∈Σ,
where gi is the Radon–Nikodym derivative of νi .
Proof. Since the equality νi(A)=
∫
A gi dµ holds for everyA ∈Σ , it is clear that |νi |(A)=∫
A |gi |dµ, ∀A ∈Σ . Therefore we just need to prove the second equality.
If A ∈ Σ , the expression J ((fτ )U )(A) = νi(A) defines a linear map J : (L1(λ))U →
M(Ω,Σ), whereM(Ω,Σ) is the space of scalar measures of finite variation. A straight-
forward calculation shows that it is also continuous (see the argument above that proves
that φ(i) is well defined). Consider the element (fτ )U . Using the lattice properties of
the ultrapower of a Banach lattice (see [6] or [18]) we can write it as the sum (fτ )U =
(fτ ∨0+fτ ∧0)U = (fτ ∨0)U + (fτ ∧0)U . Let us denote by νi,+ and νi,− the scalar mea-
sures defined by νi,+(A)= limU
∫
A∩Ai fτ ∨ 0 dµ and νi,−(A)=− limU
∫
A∩Ai fτ ∧ 0 dµ.
Note that both of them are positive, νi,+ = |νi,+| and νi,− = |νi,−|, since (fτ ∨ 0)U and
−(fτ ∧0)U are positive elements. Moreover, for every A ∈Σ , νi(A)= νi,+(A)− νi,−(A),
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τ ∈ I , we obtain
|ν|(A)= lim
U
∫
A∩Ai
|fτ |dµ. ✷
Proposition 5. (a) Let B = {fτ : τ ∈ I } be a bounded subset of L1(λ). Then the (λ,U)-
increase of P((fτ )U ) coincides with the (λ,U)-increase of B, and with the (λ,U)-increase
of {|fτ |: τ ∈ I }.
(b) Let G = {gτ : τ ∈ I } andF = {fτ : τ ∈ I } be two bounded subsets of L1(λ) such that
|(gτ )|U < |(fτ )|U . Then φG < φF .
(c) If {|fτ |: τ ∈ I } is order bounded by a function f ∈L1(λ), then P(|(fτ )U |) < f and
φB < φf .
Proof. The proof of (a) is a direct consequence of the definition of P and the lemma above.
If i ∈ N, the integral ∫A∩Ai P ((fτ )U ) dµ is exactly ∫A∩Ai gi dµ, following the notation of
the proof of Theorem 2, and then Lemma 4 gives the result.
The definition of the (λ,U)-increase gives directly (b), taking into account that
|(hτ )U | = (|hτ |)U for each element of the ultrapower of a Banach lattice. Similar argu-
ments that in the proof of Lemma 4 give the first part of (c). Actually, |fτ |< f for every
τ ∈ I , and then for each A ∈Σ ,∫
A∩Ai
|fτ |dµ
∫
A∩Ai
f dµ.
Thus
lim
U
∫
A∩Ai
|fτ |dµ=
∫
A∩Ai
∣∣P ((fτ )U )∣∣dµ limU
∫
A∩Ai
f dµ
for every A ∈Σ , which implies P((fτ )U ) < f . The second part of (c) is a consequence
of (b). ✷
Lemma 6. Let B = {fτ : τ ∈ I } be a bounded subset of L1(λ). Then P((fτ )U )= 0 if and
only if φB = 0.
Proof. If φB = 0, then limU
∫
A∩Ai |fτ |dµ= 0 for every A ∈Σ , and thus φ(i)= 0 for all
i ∈N. Conversely, the obvious inequalities
0 lim
U
∣∣∣∣∣
∫
A∩Ai
fτ dµ
∣∣∣∣∣ limU
∫
A∩Ai
|fτ |dµ= 0,
that hold for every i ∈N and A ∈Σ , give P((fτ )U )= 0. ✷
Definition 7. A bounded set of functions B = {fτ : τ ∈ I } ⊂ L1(λ) is (λ,U)-vanishing if
for each n ∈N and every  > 0, the set {τ : ‖fτχBn‖L1(λ) < } ∈ U .
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ishing properties of the families of functions when we restrict the support to subsets A ∈Σ
of finite measure µ(A) <∞.
Theorem 8. Let B = {fτ : τ ∈ I } ⊂ L1(λ) be a bounded family of functions. Then the
following statements are equivalent:
(1) B is (λ,U)-vanishing.
(2) P((fτ )U )= 0.
Proof. (1)→ (2) The definitions of the (λ,U)-vanishing property for the bounded family
of functionsB and the limit with respect to the ultraproductU imply that limU fτχBn∩A = 0
for every A ∈Σ . Then we can get limU
∫
Bn
|fτ |dµ= 0 for each n ∈ N just by applying
the decomposition in positive and negative parts for each function fτ and the properties of
the ultraproduct of Banach lattices given in the proof of Lemma 4. Therefore, φB = 0, and
Lemma 6 gives the result.
For (2)→ (1) we also use Lemma 6 to obtain φB = 0. Straightforward calculations as
the ones that follow Definition 3 lead to
‖fτχBn‖L1(λ) = 0 for every n ∈N,
and then{
τ : ‖fτχBn‖L1(λ) < 
} ∈ U
for each n ∈N and  > 0. This proves the result. ✷
Let us finish this section writing the consequences of these results for the case of an
ordered family of functions; the projection of the vanishing components of the family is
the zero function.
Corollary 9. Suppose that there is an order relation  defined on the index set I and the
ultrafilter U refines the order filter. If for every n ∈ N and every  > 0 there is an index τ0
such that τ0  τ implies ‖fτχBn‖L1(λ) < , then P((fτ )U )= 0
3. Applications. The (λ,U)-stationary projection of a bounded set of functions
In this section we provide an analytical meaning for the projection of a family of func-
tions when we consider it as an element of an ultrapower of a space L1(λ). If I is an
ordered index set and the ultrafilter refines the order filter, we will show that the projec-
tion represents the functional component of the family without any variation through the
ultrafilter. We will call it, in a more general setting, the (λ,U)-stationary projection of the
family of functions. In this section, X will be a Banach space with a (fixed) unconditional
basis {ei}∞i=1. We will say for short that X is a sequence space, and we will write (δi)∞i=1
for the elements of X.
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{fτ : τ ∈ I } ⊂ L1(λ) be a bounded subset. We define the (λ,U)-stationary projection
S(λ,U)(B) of B as
S(λ,U)(B) := P
(
(fτ )U
)
.
Definition 11. Let (L,‖ · ‖L) be a Köthe function space over a (σ -finite) measure space
(Ω,Σ,µ) and let B = {fτ : τ ∈ I } ⊂ L be a family of functions. Let X be a sequence
space. We say that B is X-locally bounded if there is a measurable partition of Ω defined
by the sequence of subsets of finite measure {Ai}∞i=1 satisfying that (‖Bi‖)∞i=1 ∈X, where‖Bi‖ := supτ∈I ‖fτχAi‖L for every i ∈ N.
In the following theorem we use the properties of the spaces with an unconditional basis.
In this case, the order in the space is induced by the basis (see [10, Chapter I.II]). Recall
that X is weakly sequentially complete if there is no subspace of X isomorphic to c0 (see
[10, Chapters I.I and I.II]).
Theorem 12. Let X be a Banach sequence space which does not contain c0. Let B =
{fτ : τ ∈ I } be a subset of a Köthe function space with weak unit (L,‖.‖L) over (Ω,Σ,µ)
that contains the weak unit χΩ . Suppose that B is X-locally bounded. Then there is a
sequential vector measure λX ∈Λ(X) such that there exists the (λX,U)-stationary projec-
tion of B for every ultrafilter U on I .
Proof. Let B = {fτ : τ ∈ I } be the X-bounded subset of L. We just need to construct the
vector measure λX such that B can be considered as a bounded subset of L1(λX). Consider
the partition {Ai}∞i=1 of Ω associated to the X-local boundedness of B. We can suppose
without loss of generality thatµ(Ai) > 0 for every i . Then for each i ∈ N there is a constant
Ki such that∣∣∣∣∣
∫
A∩Ai
fτ dµ
∣∣∣∣∣Ki‖fτχA∩Ai‖L Ki‖fτχAi‖L Ki‖Bi‖
for every A ∈Σ , since obviously the functions χA∩Ai belong to the Köthe dual of L (see
[10, p. 29]) and |fτχA∩Ai | |fτχAi | for every natural number i and τ ∈ I .
Now consider the sequential vector measure λX :Σ →X given by
λX(A) :=
∞∑
i=1
µ(A∩Ai)
Ki
ei, A ∈Σ.
Note that λX is a sequential vector measure, since µ(A∩Ai)/µ(Ai) is a probability
measure, {ei}∞i=1 is an unconditional basis and then for every A ∈Σ ,∥∥∥∥∥
∞∑
i=1
µ(A∩Ai)
µ(Ai)
µ(Ai)
Ki
ei
∥∥∥∥∥
L

∥∥∥∥∥
∞∑
i=1
∫
Ai
χΩ dµ
µ(Ai)
µ(Ai)
Ki
ei
∥∥∥∥∥
L

∥∥∥∥∥
∞∑
i=1
‖Bi‖ei
∥∥∥∥∥
L
<∞,
since χΩ ∈ B, B is X-locally bounded and X is a Köthe function space.
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‖fτ ‖L1(λX) = sup
A∈Σ
∥∥∥∥∥
∞∑
i=1
∫
A∩Ai fτ dµ
Ki
ei
∥∥∥∥∥
X

∥∥∥∥∥
∞∑
i=1
‖Bi‖ei
∥∥∥∥∥
X
<∞
for every function fτ ∈ B. Moreover, note that ‖fτ ‖L1(λX) = 0 if and only if ‖fτ ‖L = 0.
Therefore, B defines a bounded subset of L1(λX) and the element (fτ )U ∈ (L1(λX))U is
well defined. Thus, there exists S(λX,U)(B) ∈ L1(λX) as a consequence of Theorem 2. ✷
Note that the requirement χΩ ∈ B can be replaced in the theorem above by the ex-
istence of an index τi ∈ I for every i ∈ N such that χAi  fτi . There is a broad class
of sequence spaces satisfying the conditions for X that are required in Theorem 12. For
instance, the classical sequence spaces lp (1  p <∞) provide interesting cases of X-
local boundedness properties. As an example, consider the space of integrable functions
L1([0,1],µ0) (where µ0 is the Lebesgue measure) and a sequence of disjoint mea-
surable subsets {Ci}∞i=1 such that 0 < µ0(Ci)  1/i . Consider the family of functionsB0 = {χ[0,1]} ∪ {fn ∈L1([0,1],µ0): n ∈ N}, where
fn(ω) :=
n∑
i=1
1
i
χCi (ω)
µ0(Ci)
, ω ∈ [0,1].
It is clear that B0 is not a bounded subset of L1([0,∞),µ0). However, a direct calcula-
tion shows that it is lp-locally bounded for every 1 <p <∞, since
∞∑
i=1
(
1
i
∫
Ci
χCi (ω)
µ0(Ci)
dµ0
)p

∞∑
i=1
1
ip
<∞.
From now on, we study the case of ordered families of functions. Consider the subset
B = {fτ : τ ∈ I,} of the Köthe function space L over a measure space (Ω,Σ,µ). We are
interested in the behavior of this family in the order limit with respect to a certain ultrafilter
U that refines the order filter. For instance, if the index set is I = R+—the positive real
numbers—and U refines the order filter, the order limit would be considered as the (λ,U)-
stationary projection of our family of functions with respect to a certain sequential vector
measure λ. Theorem 12 provides a constructive procedure to obtain such a vector measure
λ when B is X-locally bounded for a certain sequence space X.
Now suppose that there exists a Banach space Z and a sequential vector measure
λ :Σ → Z which is absolutely continuous with respect to µ such that the inclusion
L→ L1(λ) is continuous and injective. We can define the corresponding order filter U0
on the set I . Then there is an ultrafilter U that contains U0. All the information about the
order limit behavior of our family of functions is contained in the element (fτ )U of the
ultrapower (L1(λ))U , but this element can not be represented in general as a function of
L1(λ). However, we can define the (λ,U)-stationary projection S(λ,U)(B).
Definition 13. Let I be an index set and U an ultrafilter on it. We define a nonstationary
filter system as a couple (λ,U), where λ :Σ → Z is a sequential vector measure on a
weakly sequentially complete Banach space Z.
J.A. López Molina, E.A. Sánchez Pérez / J. Math. Anal. Appl. 290 (2004) 542–552 551Definition 14. Let L be a Köthe function space. We say that the nonstationary filter system
(λ,U) is adequate for an ordered family of functions B = {fτ : τ ∈ I, } ⊂ L if
(1) U refines the order filter U0,
(2) the inclusion map i :L→ L1(λ) is well defined, continuous and injective, and
(3) i(B) is bounded.
Theorem 2 proves that the (λ,U)-stationary projection of B is well defined for every
set of functions B of a Köthe function space satisfying the conditions above. The results
of Section 2 also show that this definition could be useful in the study of (not necessarily
bounded) ordered families of functions that belong to a Köthe function space. In particular,
we have shown in the proof of Theorem 12 a constructive procedure to obtain an adequate
nonstationary filter system (λ,U) when we have a X-locally bounded family of functions
for a sequence space X.
We finish this paper with an example. Consider the Lebesgue measure space ([0,∞),
Σ,µ0) and the function space L1([0,∞),µ0). We can find easily a family of functions that
is not bounded in L1([0,∞),µ0) but is l2-locally bounded. Let us define the sequential
vector measure λ0 :Σ → l2 by λ0(A) :=∑∞i=1 µ0(A∩ [i − 1, i))(ei/2i ) for every A ∈Σ .
Then it is easy to prove that the norm for the space L1(λ0) is equivalent to the norm ‖ · ‖λ0
given by
‖f ‖λ0 =
( ∞∑
i=1
(∫
[i−1,i) |f |dµ0
2i
)2)1/2
for every f ∈ L1(λ). Consider the index set I = R endowed with its natural order  and
a (not necessarily bounded) ordered family of functions F = {fτ : τ ∈ R} ⊂ L1(µ0). The
inclusion i :L1([0,∞),µ0)→ L1(λ0) is obviously defined, continuous—since ‖f ‖λ0 ‖f ‖L1([0,∞),µ0) for every f ∈ L1([0,∞),µ0)—and injective. Take an ultrafilter U that
refines the natural order filter on I . It is easy to see that (λ0,U) is an adequate nonstationary
filter system.
For instance, suppose that each element of the set of functions F is defined as a sum of
a stationary component f0 and a perturbation gτ such that its µ0-a.e. support is contained
in the interval [i−1, i), where τ ∈ [i−1, i). Then a straightforward calculation shows that
S(λ0,U)(F)= f0.
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